A great deal of investigations in quantum computers refreshes interest towards the Berry phase effect [1] in quantum mechanics. The idea of using unitary evolution operators produced by a non-Abelian Berry phase as quantum calculations was proposed by Zanardi, Pachos, Rasetti [2, 3] and realized by Pachos and Chountasis [4] in a concrete model of the holonomic quantum computer. In our view, the time-dependent and time-independent exactly solvable models in quantum theory make it possible to simulate these processes.
CONSTRUCTION OF A TIME-DEPENDENT HAMILTONIAN
A great deal of investigations in quantum computers refreshes interest towards the Berry phase effect [1] in quantum mechanics. The idea of using unitary evolution operators produced by a non-Abelian Berry phase as quantum calculations was proposed by Zanardi, Pachos, Rasetti [2, 3] and realized by Pachos and Chountasis [4] in a concrete model of the holonomic quantum computer. In our view, the time-dependent and time-independent exactly solvable models in quantum theory make it possible to simulate these processes.
Suppose that the state |Ψ ( t ) 〉 of a dynamical system evolves according to the matrix Schrödinger equation (1) with ប = 1 and the T periodic time-dependent Hamiltonian, H ( t ) = H ( t + T ), the potential matrix V ( r , t ) = { V ij ( r , t )} is Hermitian and p r is the momentum operator. Our goal is to give the procedure for obtaining a wide class of time-dependent Hamiltonians H ( t ) for which exact solutions of (1) can be found. To this end, we use the time-independent Hamiltonian (2) with a real symmetric potential matrix V ( r ) and ប 2 /2 m = 1 and a unitary time-dependent transforma-
by means of which the known time-independent Hamiltonian (2) is changed to the time-dependent one (4) Here, |Φ ( r , t ) 〉 satisfies the equation of motion (1) with the time-independent Hamiltonian ( r ) and it is taken in the form (5) Clearly, the solutions |Ψ ( r , t ) 〉 and |Φ ( r , t ) 〉 can be properly defined by solutions of the time-independent problem (6) Note, if the system of Schrödinger equations (6) with some known time-independent Hamiltonian ( r ) is exactly soluble, the system of Eq. (1) with the timedependent Hamiltonian (4) admits exact solutions too.
The result depends on transformation operators ( t ) and the choice of initial states. Now consider reconstruction of the 2 × 2 periodic time-dependent Hamiltonian taken in the form (1). We start with the time-independent Hamiltonian (2) with the 2 × 2 real symmetric potential matrix V ( r ), V 12 ( r ) = V 21 ( r ). By means of a unitary time-dependent transformation taken in the form (7) the time-independent Hamiltonian (2) with regard to Eqs. (1) and (4) turns to the time-dependent Hamiltonian Here, s = (1/2)s is the spin operator; s = ( , , ) and are the Pauli matrices, and a dot means a timederivative. The solutions of (1) with Hamiltonian (8), according to (3) and (5), are represented as (9) It is convenient to present the 2 × 2 intrinsic time-independent Hamiltonian (2) by the sum of diagonal and zero trace matrices: (10) (11) with the evident notations: q(r) = (V 11 (r) + V 22 (r))/2, B 1 (r) = V 12 (r), B 2 (r) = 0, B 3 (r) = (V 11 (r) -V 22 (r))/2, and is the identity matrix. It is evident that the Hamiltonian for the two-coupled system of equations corresponds to the three-or two-dimensional problem with coordinates B i dependent on the extra parameter r. Then the time-dependent Hamiltonian (8) can be represented as (12) Obviously, the transformation (7) does not change the first term of (11) (or (10)) and transforms the second term. The Hamiltonians in the forms (12) and (8) can be used for describing the motion of a spin 1/2-particle in the space-nonuniform and time-dependent magnetic field or can be applied for investigating multilevel atoms and nuclei.
In terms of the evolution operator ᐁ(t) = ᐁ(t, 0), the solution |Ψ(r, t)〉 is (13) It is easy to find from (9) and (13) a very important relationship between the operators ᐁ(t) and (t). In the case when |Ψ(r, 0)〉 = |Φ(r, 0)〉, it is (14)
The evolution operator in one period is written as
ᐁ(T) = exp(-is · h(T))exp(-
). Now let us consider cyclic solutions that after one period T (T = 2π/ω) are
). exp exp iH T recovered up to the phase, i.e., initial states |Ψ ν (0)〉 are eigenvectors of ᐁ(T) (15) where exp(-iβ ν ) are eigenvalues of ᐁ(T) and β ν is the total phase. Let us demand that initial states are eigenvectors of the time-independent Hamiltonian ,
